Universal coefficient theorems for the stable Ext-groups  by Wei, Changguo
Journal of Functional Analysis 258 (2010) 650–664
www.elsevier.com/locate/jfa
Universal coefficient theorems for the stable Ext-groups
Changguo Wei
School of Mathematical Sciences, Ocean University of China, Qingdao, 266071, PR China
Received 28 April 2009; accepted 19 October 2009
Communicated by D. Voiculescu
Abstract
Let A be a unital separable nuclear C∗-algebra and let B be a stable C∗-algebra. Using K-theory and
KK-theory we establish universal coefficient theorems for the stable Ext-groups of unital extensions of A
by B when A and B have certain properties, which generalize a result of L. Brown and M. Dadarlat for the
strong Ext-groups. The class of extensions being studied are also enlarged.
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1. Introduction
Since Brown, Douglas and Fillmore gave the famous BDF theory [4] in 1970’s, classifications
of extensions of C∗-algebras have been studied deeply ([9–12,15,16,21], etc.). The theory of C∗-
algebra extensions becomes an important tool for classifications of C∗-algebras together with
K-theory and KK-theory. The original BDF theory deals with the strong Ext-group of unital
extensions of commutative C∗-algebras by the compact operators K. In order to compute the
strong Ext-groups, Brown [2] proved a universal coefficient theorem (UCT) for A = C(X),
0 → Ext(K0(A),Z)→ Extus (A) → Hom(K1(A),Z)→ 0.
Based on the work of Brown, Rosenberg and Schochet [21] gave a more general UCT
0 → Ext(K∗(A),K∗(B))→ Ext(A,B) → Hom(K∗(A),K∗+1(B))→ 0.
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But unlike the BDF theory, Ext(A,B) is the group of extensions under stably unitary equiva-
lence, so it cannot provide enough information for classifications of unital extensions.
On the other hand, the classification of amenable C∗-algebras has developed rapidly since
1990’s, and a number of classification results appeared ([5,13,14,17], etc.). Extension alge-
bras form an important class of C∗-algebras and there are many classification results of such
C∗-algebras [3,11,19]. The group Ext(A,B) in KK-theory provides little information for the
classification of extension algebras. So one has to compute strong Ext-groups. Given C∗-algebras
A with modest hypotheses and B = K, Brown and Dadarlat [3, Theorem 2] have proved a UCT
for the strong Ext-groups of unital extensions of the form
0 → Ext((K0(A), [1]0),Z)→ Extus (A,B) → Hom(K1(A),Z)→ 0.
Using this result one can compute almost all strong Ext-groups of extensions by K. But when
the ideal is not K, this formula does not hold.
Motivated by [3], in this paper we use the method of group action, combining the UCT of
Rosenberg and Schochet, to prove universal coefficient theorems for the stable Ext-groups of
unital extensions of A by B when A and B have certain properties (Theorem 3.12 and Theo-
rem 3.15). Specifically, we establish two universal coefficient theorems of the following forms
which determine the stable Ext-groups in terms of K-theory:
0 → Ext(K∗(A),K∗(B))→ Extuw(A,B) → Γ ⊕ Hom(K1(A),K0(B))→ 0
and
0 → Σ → Extus (A,B) → Γ ⊕ Hom
(
K1(A),K0(B)
)→ 0,
where
Γ = {f ∈ Hom(K0(A),K0(Q(B))): f ([1A]0)= 0}
and
Σ = Ext((K0(A), [1A]0),K0(B))⊕ Ext(K1(A),K1(B)).
2. Preliminaries
In this section we give some notations and results used in this paper. One can see [1] for more
details of C∗-algebra extensions.
Let A and B be C∗-algebras. Recall that an extension of A by B is a short exact sequence
0 → B α→ E β→ A → 0.
Denote this extension by e or (E,α,β) and the set of all such extensions by E(A,B).
The extension (E,α,β) is called trivial, if the above sequence splits, i.e. if there is a homo-
morphism γ : A → E such that β ◦ γ = idA.
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Let 0 → B α→ E β→ A → 0 be an extension of A by B . Then there is a unique homomorphism
σ : E → M(B) such that σ ◦ α = ι, where M(B) is the multiplier algebra of B , and ι is the
inclusion map from B into M(B). It is known that σ is injective if and only if the extension is
essential.
The Busby invariant of (E,α,β) is a homomorphism τ from A into the corona algebra
Q(B) = M(B)/B defined by τ(a) = π(σ(b)) for a ∈ A, where π : M(B) → Q(B) is the quo-
tient map, and b ∈ E such that β(b) = a.
If A is unital and the Busby invariant is unital, then (E,α,β) is called unital. Denote by
Exteu(A,B) the set of unital essential extensions of A by B if A is unital.
There are several equivalence relations of extensions of A by B . Let ei : 0 → B → Ei →
A → 0 be two extensions with Busby invariants τi for i = 1,2.
Definition 2.1. Two extensions e1 and e2 are called strongly unitarily equivalent, denoted by
e1
s∼ e2, if there exists a unitary u ∈ M(B) such that τ2(a) = π(u)τ1(a)π(u)∗ for all a ∈ A.
Denote by Ext(A,B) or Exts(A,B) the set of strongly unitary equivalence classes of extensions
of A by B .
It should be noted that e1 is strongly unitarily equivalent to e2 if and only if there is a unitary
u in M(B) and homomorphism φ : E1 → E2 making the following diagram commute:
0 −−−−→ B −−−−→ E1 −−−−→ A −−−−→ 0⏐⏐Adu ⏐⏐φ ∥∥∥
0 −−−−→ B −−−−→ E2 −−−−→ A −−−−→ 0.
Definition 2.2. Two extensions e1 and e2 are called weakly unitarily equivalent, denoted by
e1
w∼ e2, if there exists a unitary v ∈ Q(B) such that τ2(a) = vτ1(a)v∗ for all a ∈ A. Denote
by Extw(A,B) the set of equivalence classes of extensions of A by B under weakly unitary
equivalence.
Let H be a separable infinite dimensional Hilbert space and K the ideal of compact operators
in B(H). If B is a stable C∗-algebra (i.e. B ⊗ K ∼= B), then the sum of two extensions τ1
and τ2 is defined to be the homomorphism τ1 ⊕ τ2, where τ1 ⊕ τ2 : A → Q(B) ⊕ Q(B) ⊆
M2(Q(B)) ∼= Q(B). One can see [7, 1.3.8] for details of the definition of the inner isomorphism
θ between M2(M(B)) and M(B). Denote by θ˜ the inner isomorphism between M2(Q(B)) and
Q(B) induced by θ .
It is easy to see that Exts(A,B) and Extw(A,B) are commutative semigroups with respect to
the above addition, and the sets of equivalence classes of trivial extensions are subsemigroups,
respectively.
The notations Extus (A,B), Extuw(A,B), Exteus (A,B) and Exteuw (A,B) are defined analo-
gously. The superscript e denotes essential extensions and u denotes unital extensions if A is
unital. One can see [1, 15.6.3] for details.
When A is unital, a trivial extension τ of A by B is called strongly unital if τ lifts to a unital
homomorphism from A to M(B).
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Exts(A,B) [resp. Extw(A,B)] by the subsemigroup of trivial extensions. If A is unital,
Extus (A,B) [resp. Extuw(A,B)] is the quotient of the subsemigroup of unital extensions by
the subsemigroup of strongly unital trivial extensions.
The equivalence class of an extension τ in Exteus (A,B) is denoted by [τ ]. The equivalence
class of τ in Ext(A,B) or Extus (A,B) is denoted by [τ ]ss . If [τ1]ss = [τ2]ss , then we write
τ1
ss∼ τ2. This is equivalent to that τ1 and τ2 are stably strongly unitarily equivalent.
Similarly, for stably weakly unitary equivalence, there are notations [τ ]sw and τ1 sw∼ τ2 in
Extw(A,B) and Extuw(A,B).
Let D be a C∗-algebra. Denote by P(D) and U(D) all projections and all unitaries in D,
respectively. The notations of equivalences of projections and unitaries are referred to [20]. For
example, for any unitary u and any projection p, [u]1 and [p]0 are the images of u and p in
K1(D) and K0(D) respectively, and [p] is the Murray–von Neumann equivalence class of p.
Denote by p ∼ q when two projections p, q are Murray–von Neumann equivalent.
A non-zero projection p in a C∗-algebra A is said to be properly infinite if there are mutually
orthogonal subprojections e, f of p such that p ∼ e ∼ f .
A unital C∗-algebra A is said to be properly infinite if 1A is a properly infinite projection.
When B is a stable C∗-algebra, it is clear that M(B) and Q(B) are properly infinite.
Let A be a C∗-algebra. An element a in A is said to be full if it is not contained in any proper
ideal in A.
Definition 2.4. Let A and B be C∗-algebras [with A unital]. An [unital] extension τ of A by B
is called absorbing [unital-absorbing] if τ is strongly unitarily equivalent to τ ⊕σ , for any trivial
extension [strongly unital trivial extension] σ .
Definition 2.5. Recall that [16] a C∗-algebra B has the property (P) if for every full element
b ∈ Q(B) there exist x, y ∈ Q(B) such that xby = 1.
It follows that every full projection in M(B) is equivalent to 1M(B) when B has the prop-
erty (P). By [16] the algebra B0 ⊗ K has the property (P) when B0 is one of the C∗-algebras in
the following:
(1) unital AF-algebra;
(2) unital purely infinite simple C∗-algebra;
(3) unital simple C∗-algebra with real rank zero, stable rank one and weakly unperforated K0-
group;
(4) C(X), where X is a compact Hausdorff space with covering dimension d .
Definition 2.6. [21] Let N be the smallest class of separable nuclear C∗-algebras with the fol-
lowing properties:
(1) N contains all separable commutative C∗-algebras.
(2) N is closed under inductive limits.
(3) If 0 → A → D → B → 0 is an exact sequence, and two of the terms are in N , then so is the
third.
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(see [1, 22.3.5]). In particular, N contains all type I C∗-algebras.
Theorem 2.7 (Universal Coefficient Theorem (UCT)). (See [21].) Let A and B be separable
C∗-algebras, with A ∈ N . Then there is a short exact sequence
0 → Ext(K∗(A),K∗(B)) δ→ KK∗(A,B) γ→ Hom(K∗(A),K∗(B))→ 0.
The map γ has degree 0 and δ has degree 1.
3. Main results
Throughout this section, we assume that B0 is a separable unital C∗-algebra and B is the
stabilization B0 ⊗ K of B0. By [1, 12.2] one has
K1
(Q(B))= U1(Q(B))/U1(Q(B))0.
Hence, when u1, u2 are unitaries in Q(B), it follows that [u1]1 = [u2]1 is equivalent to u1 h∼ u2,
that is, u1 and u2 are homotopic.
Suppose A is a unital C∗-algebra. For any x ∈ K1(Q(B)), choose a unitary u ∈ Q(B) such
that x = [u]1. Define a map
εx : Exteus (A,B) → Exteus (A,B),
such that εx([τ ]) = [Adu ◦ τ ].
One can check that εx is a bijection on the set Exteus (A,B) for every x ∈ K1(Q(B)). This
defines a map ε from K1(Q(B)) to the set of bijections on Exteus (A,B). Then one can check the
following proposition.
Proposition 3.1. The map ε is a group action of the additive group K1(Q(B)) on Exteus (A,B).
Definition 3.2. Suppose that S is an abelian semigroup and ρ is a bijection on S. If there exist
c, d ∈ S such that ρ(a) + c = a + d for any a ∈ S, then we call ρ a translation transformation
on S.
When S is a group, it is equivalent to ρ(a) = a + (d − c), so ρ is a group translation in the
usual sense.
If ε is a group action on S such that every map is a translation transformation on S, then we
call ε a translation action on S.
Lemma 3.3. (See [20, p. 148].) Let A be a unital C∗-algebra, u a unitary and S an isometry
in A. Then SuS∗ + 1 − SS∗ is a unitary such that [u]1 = [SuS∗ + 1 − SS∗]1.
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S1, S2, . . . , Sn in A such that the range projections are mutually orthogonal and
∑n
i=1 SiS∗i = 1.
Let θ : Mn(A) → A be the inner isomorphism induced by the isometries, that is
θ
([aij ])=
n∑
i,j=1
Siaij S
∗
j .
Then K1(θ) = id.
Proof. Note that A is properly infinite. It follows from [20, p. 149] that K1(A) = {[u]1:
u ∈ U(A)}, where U(A) is the set of unitaries in A. For any x ∈ K1(A), choose a unitary u
in A such that x = [u]1 = [u⊕ In−1]1. Then we have
θ(u⊕ In−1) = S1uS∗1 +
n∑
i=2
SiS
∗
i .
It follows from Lemma 3.3 that [θ(u ⊕ In−1)]1 = [S1uS∗1 + 1 − S1S∗1 ]1 = [u]1. Therefore, we
have K1(θ) = id. 
Theorem 3.5. The map ε is a translation action of K1(Q(B)) on the semigroup Exteus (A,B).
Proof. (1) We first show that εx1([τ1])+ εx2([τ2]) = εx1+x2([τ1] + [τ2]).
Let xi = [ui]1 for i = 1,2. Choose a unitary u3 in Q(B) such that [u3]1 = x1 + x2. Note that
εx1
([τ1])+ εx2([τ2])= θ˜ ◦ Ad(u1 ⊕ u2) ◦
(
τ1
τ2
)
and
εx1+x2
([τ1] + [τ2])= Ad(u3) ◦ θ˜ ◦
(
τ1
τ2
)
.
So it is sufficient to show that ϕ and ψ are unitarily equivalent by a liftable unitary in Q(B),
where ϕ = θ˜ ◦ Ad(u1 ⊕ u2) and ψ = Adu3 ◦ θ˜ .
Note that ϕ and ψ are inner isomorphisms from M2(Q(B)) to Q(B) induced by isometries
{π(S1)u1,π(S2)u2} and {u3π(S1), u3π(S2)} respectively, where S1, S2 are isometries which in-
duce the inner isomorphism θ : M2(M(B)) → M(B).
Set u = π(S1)u1π(S∗1 )u∗3 + π(S2)u2π(S∗2 )u∗3. Then ϕ = Adu ◦ ψ . Since u = θ˜ (u1 ⊕ u2)u∗3,
we have
[
θ˜ (u1 ⊕ u2)
]
1 =
[
θ˜ (u1 ⊕ 1)
]
1 +
[
θ˜ (1 ⊕ u2)
]
1 = [u1]1 + [u2]1
by Lemma 3.4. Hence [u]1 = [u1]1 + [u2]1 − [u3]1 = 0. Therefore, u is liftable.
(2) Let x2 = 0 and x1 = x for any x ∈ K1(Q(B)). By (1) and ε0 = id, we have εx([τ1])+[τ2] =
εx([τ1] + [τ2]). Exchange [τ1] and [τ2], we obtain [τ1] + εx([τ2]) = εx([τ1] + [τ2]). Hence
εx
([τ1])+ [τ2] = [τ1] + εx([τ2]).
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εx(a)+ c = a + d . Therefore, ε is a translation action of K1(Q(B)) on Exteus (A,B). 
Proposition 3.6. The map ε induces a group action of K1(Q(B)) on the set Extus (A,B).
Proof. Let τi ∈ Exteu(A,B) such that τ1 ss∼ τ2. Then there exist strongly unital trivial extensions
τ ′1, τ ′2 and a unitary w ∈ M(B) such that τ2 ⊕ τ ′2 = Adπ(w) ◦ (τ1 ⊕ τ ′1). For any u ∈ U(Q(B)),
we have Adu ◦ τ1 ss∼ Adu ◦ τ2. In fact, since
(Adu ◦ τ2)⊕ τ ′2 = θ˜ ◦ Ad(u⊕ 1) ◦
(
τ2
τ ′2
)
s∼ Adu ◦ θ˜ ◦
(
τ2
τ ′2
)
and
θ˜ ◦
(
τ2
τ ′2
)
= Adπ(w) ◦ θ˜ ◦
(
τ1
τ ′1
)
,
it follows that
(Adu ◦ τ2)⊕ τ ′2 s∼ Adu ◦ Adπ(w) ◦ θ˜ ◦
(
τ1
τ ′1
)
= Ad(uπ(w)u∗) ◦ Adu ◦ θ˜ ◦
(
τ1
τ ′1
)
s∼ θ˜ ◦ Ad(u⊕ 1) ◦
(
τ1
τ ′1
)
= (Adu ◦ τ1)⊕ τ ′1.
Similarly, we have [Adu1 ◦ τ ]ss = [Adu2 ◦ τ ]ss in Extus (A,B) when u1 h∼ u2.
As in the proof of Proposition 3.1, one can check that εx is bijection on the set Extus (A,B)
and εx1+x2 = εx1 ◦ εx2 . So ε is a group action of K1(Q(B)) on Extus (A,B). 
By Theorem 3.5 and Proposition 3.6, we have the following theorem.
Theorem 3.7. When Extus (A,B) is a group, the group action ε in Proposition 3.6 is a translation
action of K1(Q(B)) on the group Extus (A,B).
When Extus (A,B) is a group, the equivalence class of unital trivial extensions is the identity.
Define a map by:
α : K1
(Q(B))→ Extus (A,B); x → εx([σ ]ss),
where σ is an essential unital trivial extension. It follows from Theorem 3.7 that α is a group ho-
momorphism and Kerα = {x ∈ K1(Q(B)): εx = id}. Let O(ε) be the orbit space of the action ε.
Then we have
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so the sequence of groups
K1
(Q(B))→ Extus (A,B) → Extuw(A,B) → 0
is exact.
In order to obtain a short exact sequence of groups, we need to characterize the kernel of α.
We need two groups defined below.
Definition 3.8. Suppose A, B are C∗-algebras with A unital and B stable. Define two groups as
follows:
Γ = {f ∈ Hom(K0(A),K0(Q(B))) : f ([1A]0)= 0}
and
G = {ρ[1A]0: ρ ∈ Hom(K0(A),K0(B))}.
Note that K0(B) ∼= K1(Q(B)). Then one can reckon G as a subgroup of K1(Q(B)).
Remark 3.9. It should be noted that the group G has appeared in [18]. A main result in [18] is
that there is a bijection between K0(B)/G onto the set of strongly unitary equivalence classes
of unital full essential extensions σ such that [σ ] = [τ ] in KK1(A,B) when B has the prop-
erty (P).
Theorem 3.10. Let A be a unital separable nuclear C∗-algebra with A ∈ N . If K1(B) = 0, or
B has the property (P), or A is an infinite C∗-algebra, there is a short exact sequence of groups
0 → K1
(Q(B))/G → Extus (A,B) → Extuw(A,B) → 0.
Proof. By Kasparov’s theorems [8,9], there exists an essential unital trivial extension σ of A
by B , which is unital-absorbing. For any x = [u]1 ∈ Kerα, there are strongly unital trivial exten-
sions σ0, σ ′0 such that (Adu ◦ σ)⊕ σ0
s∼ σ ⊕ σ ′0.
Note that
(Adu ◦ σ)⊕ σ0 s∼ Adu ◦ θ˜ ◦
(
σ
σ0
)
= Adu ◦ (σ ⊕ σ0)
and σ ⊕ σ ′0
s∼ σ s∼ σ ⊕ σ0. Hence
Adu ◦ (σ ⊕ σ0) s∼ σ ⊕ σ0.
Set τ = σ ⊕ σ0. Then τ is a unital-absorbing and trivial extension, so there is a unitary
w in M(B) such that Ad(π(w)u) ◦ τ = τ . We note that [π(w)u]1 = [u]1 = x, so we obtain
Adu ◦ τ = τ by replacing π(w)u by u.
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Define a homomorphism ϕ : C(T) → Q(B) such that ϕ(z) = u, where z is the identity map
of T. Since every element of Im(τ ) commutes with every element of Im(ϕ), there is a homomor-
phism δ = τ ⊗ ϕ : A ⊗ C(T) → Q(B) such that δ(a ⊗ b) = τ(a)ϕ(b) for any a ∈ A and any
b ∈ C(T).
Let β : K0(A) → K1(SA) ↪→ K1(A⊗C(T)) be the Bott map. Then β([1A]0) = [1 ⊗ z]1. Set
ρ = K1(δ) ◦ β : K0(A) → K1(Q(B)) ∼= K0(B). Then we have
ρ
([1A]0)= K1(δ)([1 ⊗ z]1)= [u]1 = x.
Therefore, it follows that Kerα ⊂ G.
(2) Next, we show that G ⊂ Kerα.
We first need to show that the homomorphism
γ1 : Extuw
(
A⊗C(T),B)→ Hom(K1(A⊗C(T)),K1(Q(B)))
is surjective, where γ1([τ ]) = K1(τ ).
Case (1). B has a trivial K1-group.
By [1, 15.14.2], we have Ext(A ⊗ C(T),B) ∼= Extuw(A ⊗ C(T),B). Hence γ1 is surjective
by the UCT for Ext(A⊗C(T),B).
Case (2). B has the property (P) or A is an infinite C∗-algebra.
For every η ∈ Hom(K1(A⊗C(T)),K1(Q(B))), choose ξ ∈ Hom(K0(A⊗C(T)),K0(Q(B)))
such that ξ([1A⊗C(T)]0) = 0. Hence
(ξ, η) ∈ Hom(K0(A⊗C(T)),K0(Q(B)))⊕ Hom(K1(A⊗C(T)),K1(Q(B))).
By [16, 8.6] and the UCT for Ext(A ⊗ C(T),B), there exists a full essential extension
τ1 :A⊗C(T) → Q(B) such that K0(τ1) = ξ and K1(τ1) = η.
Set p = τ1(1A⊗C(T)). Then [p]0 = ξ([1A⊗C(T)]0) = 0 = [1]0, where 1 is the unit of Q(B).
When B has the property (P), there exists z ∈ Q(B) such that zpz∗ = 1. Let q = pz∗zp. Then
q ∼ 1 and q  p. Hence 1 p  q ∼ 1. Since 1 is properly infinite, p is properly infinite. Since
q ∼ 1 and 1 is full, q is a full projection. Note that p  q . This implies that p is a full projection.
Therefore, by [20, p. 75] and [p]0 = [1]0 we have p ∼ 1.
When A is an infinite C∗-algebra, the projection p is infinite in Q(B). By [1, 12.2] we have
K0(Q(B)) = {[p]: p ∈ Q(B) is infinite}. Hence p ∼ 1.
Therefore, there is a coisometry V such that V ∗V = p when B has the property (P) or A is
an infinite C∗-algebra. Set τ2 = AdV ◦ τ1. Then τ2 is a unital essential extension of A ⊗ C(T)
by B .
Since pQ(B)p ∼= Q(B), we have K1(pQ(B)p) = {[u]1: u ∈ U(pQ(B)p)}. For any u ∈
pQ(B)p, we have [u]1 = [u + 1 − p]1 under the inclusion map. It follows from Lemma 3.3
that
[
AdV (u)
]
1 =
[
V ∗ AdV (u)V + 1 − V ∗V ]1 = [u+ 1 − p]1.
Hence, K1(τ2) = K1(τ1) = η.
Therefore, γ1 : Extuw(A ⊗ C(T),B) → Hom(K1(A ⊗ C(T)),K1(Q(B))) is surjective in the
two cases.
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K0(B) with K1(Q(B)) and reckon K0(A) as a direct summand of K1(A ⊗ C(T)). Since
η ∈ Hom(K0(A),K0(B)) ⊂ Hom(K1(A ⊗ C(T)),K1(Q(B))), there is a unital essential exten-
sion τ ′ : A⊗C(T) → Q(B) such that γ1(τ ′) = η.
Set τ = τ ′|A and u = τ ′(1 ⊗ z). Then for every a ∈ A we have τ(a)u = uτ(a) and
[u]1 = K1
(
τ ′
)([1 ⊗ z]1)= η([1A]0)= x.
Furthermore, εx([τ ]ss) = [τ ]ss . Since εx is a translation action on Extus (A,B), we have εx = id.
Therefore, G ⊂ Kerα. 
Lemma 3.11. Let A be a separable, nuclear C∗-algebra with unit. If K1(B) = 0, or B has
the property (P), or A is an infinite C∗-algebra, then Extuw(A,B) → Ext(A,B) is an injective
homomorphism.
Proof. Let τ1, τ2 be unital essential extensions such that τ1
ss∼ τ2. Let σ0 be an absorb-
ing extension. Then τ1 ⊕ σ0 ss∼ τ2 ⊕ σ0. Hence there are trivial extension σ1, σ2 such that
τ1 ⊕ σ0 ⊕ σ1 s∼ τ2 ⊕ σ0 ⊕ σ2. Since σ0 ⊕ σ1 s∼ σ0 and σ0 ⊕ σ2 s∼ σ0, τ1 ⊕ σ0 s∼ τ2 ⊕ σ0. Hence
there is a liftable unitary u1 ∈ Q(B) such that τ1 ⊕ σ0 = Adu1(τ2 ⊕ σ0).
Set p = σ0(1). Since σ0 is trivial, K0(σ0) = 0. Therefore, [p]0 = [1Q(B)]0 = 0. As in the
proof of Theorem 3.10, by the assumption there is a coisometry V ∈ Q(B) such that p V∼ 1.
Since
θ˜ ◦
(
τ1
σ0
)
= Adu1 ◦ θ˜
(
τ2
σ0
)
s∼ θ˜ ◦ Ad
(
u1
1
)(
τ2
σ0
)
,
(
τ1
σ0
)
s∼ Ad
(
u1
1
)(
τ2
σ0
)
s∼
(
τ2
σ0
)
.
Hence, there is a liftable unitary u ∈ M2(Q(B)) such that
(
τ1
σ0
)
= Adu
(
τ2
σ0
)
and
(
1
p
)
= Adu
(
1
p
)
.
Let w = ( 1
V
)
u
( 1
V ∗
)
. Since V ∗V = p, we have
Ad
(
1
V
)(
τ1
σ0
)
= Adw ◦ Ad
(
1
V
)(
τ2
σ0
)
.
Hence
(
τ1
AdV ◦ σ0
)
= Adw
(
τ2
AdV ◦ σ0
)
.
Furthermore,
θ˜ ◦
(
τ1
AdV ◦ σ
)
= θ˜ ◦ Adw ◦ θ˜−1 ◦ θ˜
(
τ2
AdV ◦ σ
)
.0 0
660 C. Wei / Journal of Functional Analysis 258 (2010) 650–664Since θ˜ = AdU and θ˜−1 = AdU∗, where U = (π(S1),π(S2)), we have
θ˜ ◦ Adw ◦ θ˜−1 = Ad(UwU∗)= Ad(θ˜ (w)).
Note that AdV (p) = 1 and θ˜ (w) is a unitary in Q(B). So AdV ◦ σ0 is a unital extension.
Finally, by τ1 ⊕ AdV ◦ σ0 w∼ τ2 ⊕ AdV ◦ σ0, we have
[τ1]sw + [AdV ◦ σ0]sw = [τ2]sw + [AdV ◦ σ0]sw
in Extuw(A,B). Therefore, [τ1]sw = [τ2]sw holds in Extuw(A,B). 
Theorem 3.12. Let A be a unital separable nuclear C∗-algebra with A ∈ N . If K1(B) = 0, or B
has the property (P), or A is an infinite C∗-algebra, then there is a short exact sequence
0 → Ext(K∗(A),K∗(B))→ Extuw(A,B) → Γ ⊕ Hom(K1(A),K0(B))→ 0,
where Γ = {f ∈ Hom(K0(A),K0(Q(B))): f ([1A]0) = 0}.
Proof. Let γ0 be the quotient homomorphism in the UCT for Ext(A,B). Define a homomor-
phism γ : Extuw(A,B) → Γ ⊕ Hom(K1(A),K1(Q(B))) such that γ ([τ ]) = (K0(τ ),K1(τ )).
From the proof of Theorem 3.10, it follows that γ is a surjective homomorphism. Then there
is a commutative diagram:
0 −−−−→ Ker γ −−−−→ Extuw(A,B)
γ−−−−→ Γ ⊕ Hom(K1(A),K1(Q(B))) −−−−→ 0⏐⏐η ⏐⏐φ ⏐⏐ι
0 −−−−→ Ker γ0 −−−−→ Ext(A,B) γ0−−−−→ Hom(K∗(A),K∗(Q(B))) −−−−→ 0,
where φ is the homomorphism in Lemma 3.11, ι is the inclusion map, and η : Ker γ → Ker γ0 is
the restriction map of φ. It follows from Lemma 3.11 that η is injective.
In the following we need to show that η is an isomorphism.
In the case of K1(B) = 0, η is an isomorphism since Extuw(A,B) ∼= Ext(A,B).
When B has the property (P) or A is an infinite C∗-algebra, for every x ∈ Ker γ0, there is an
essential extension τ : A → Q(B) such that x = [τ ]sw . Since x ∈ Ker γ0, K∗(τ ) = 0. If τ is not
unital, let p = τ(1A). Then [p]0 = [1]0 and 1 −p = 0. As in the proof of Theorem 3.10, there is
a coisometry v0 such that v∗0v0 = p.
Let τ ′ = Adv0 ◦ τ : A → Q(B). Then τ ′ is unital. Set V = v0 ⊕ 0. Then V ∗V = p ⊕ 0 and
VV ∗ = 1 ⊕ 0. Therefore, we have
(
τ ′
0
)
= AdV
(
τ
0
)
.
Similarly, since [1 − p]0 = 0 = [1]0, we have 1 − p ∼ 1. Hence
(1 − p)⊕ 1 ∼ 1 ⊕ 1 ∼ 1 ∼ 0 ⊕ 1.
C. Wei / Journal of Functional Analysis 258 (2010) 650–664 661It follows that there is a partial isometry W ∈ M2(Q(B)) such that W ∗W = (1 − p) ⊕ 1 and
WW ∗ = 0 ⊕ 1. Let U = V +W . Then U is a unitary in M2(Q(B)) and
AdU
(
τ
0
)
= AdV
(
τ
0
)
=
(
τ ′
0
)
.
Hence, τ ⊕ 0 w∼ τ ′ ⊕ 0. Therefore,
τ
sw∼ τ ⊕ 0 w∼ τ ′ ⊕ 0 sw∼ τ ′ ⊕ 0.
We conclude that there is a unital extension τ ′ such that [τ ′]sw = [τ ]sw in Ext(A,B). Since
K∗(τ ′) = K∗(τ ) = 0, we have [τ ′]sw ∈ Ker γ . Therefore, η is a surjective homomorphism.
By the UCT for Ext(A,B), we have Ker γ0 ∼= Ext(K∗(A),K∗(B)). Hence, Ker γ ∼=
Ext(K∗(A),K∗(B)). Therefore, there is a short exact sequence
0 → Ext(K∗(A),K∗(B))→ Extuw(A,B) → Γ ⊕ Hom(K1(A),K0(B))→ 0. 
Definition 3.13. Let H be an abelian group, h0 ∈ H , and K an abelian group. We denote by
Ext((H,h0),K) the set of equivalence classes of all extensions of abelian groups with base point
of the form
0 → K → (G,g0) φ→ (H,h0) → 0.
Recall that the natural map Ext((H,h0),K) → Ext(H,K) has kernel isomorphic to
K/
{
f (h0)
∣∣ f ∈ Hom(H,K)}.
See [3] for more details.
Lemma 3.14. Let A be a unital separable nuclear C∗-algebra with A ∈ N . If K1(B) = 0, or B
has the property (P), or A is an infinite C∗-algebra, then there is an isomorphism θ : Ker γ ′ → Σ
such that the following diagram is commutative
0 −−−−→ K1(Q(B))/G −−−−→ Ker γ ′ −−−−→ Ker γ −−−−→ 0⏐⏐id
⏐⏐θ
⏐⏐η
0 −−−−→ K1(Q(B))/G −−−−→ Σ −−−−→ Ext(K∗(A),K∗(B)) −−−−→ 0,
where γ ′ : Extus (A,B) → Γ ⊕ Hom(K1(A),K0(B)) such that γ ′([τ ]ss) = (K0(τ ),K1(τ )),
Σ = Ext((K0(A), [1A]0),K0(B)) ⊕ Ext(K1(A),K1(B)), and γ is the homomorphism defined
in Theorem 3.12.
Proof. Let γ ′ be the map Extus (A,B) → Γ ⊕ Hom(K1(A),K0(B)) such that γ ′([τ ]ss) =
(K0(τ ),K1(τ )). Then, from the proof of Theorem 3.10 it follows that γ ′ is a surjective ho-
momorphism.
662 C. Wei / Journal of Functional Analysis 258 (2010) 650–664Set Σ = Ext((K0(A), [1A]0),K0(B)) ⊕ Ext(K1(A),K1(B)). Let e : 0 → B → E → A → 0
be an essential unital extension with Busby invariant τ . If [τ ] ∈ Ker γ ′, then the associated six
term exact sequence in K-theory breaks into two short exact sequences εj of the forms
0 → Kj(B) → Kj(E) → Kj(A) → 0.
Define a map θ : Ker γ ′ → Σ by θ([τ ]) = θ0([τ ]) ⊕ θ1([τ ]) where θ0([τ ]) and θ1([τ ]) are the
equivalence classes of ε0 and ε1 in Ext((K0(A), [1A]0),K0(B)) and Ext(K1(A),K1(B)), re-
spectively.
Let ei : 0 → B → Ei ψi→ A → 0 be essential unital extensions with Busby invariant τi for
i = 1,2. If [τ1]ss = [τ2]ss in Ker γ ′, then there are two strongly unital trivial extension σ1, σ2
such that τ1 ⊕ σ1 s∼ τ2 ⊕ σ2. By [19] we have θ1([τ1]) = θ1([τ2]).
Let τ ′1 = τ1 ⊕ σ1 and σ1 = π ◦ ϕ for some unital homomorphism ϕ : A → M(B). Choose two
isometries s1, s2 ∈ M(B) such that s1s∗1 + s2s∗2 = 1. Then
τ ′1(a) = π(s1)τ1(a)π
(
s∗1
)+ π(s2)σ1(a)π(s∗2 )
for any a ∈ A. Let e′ : 0 → B → E′ → A → 0 be an essential unital extensions with Busby
invariant τ ′. As in the proof of [19, 2.1], let λ : E1 → M(B) and β : B → B be given by
λ(x) = s1xs∗1 + s2
(
ϕ ◦ψ1(x)
)
s∗2 , β(b) = s1bs∗1
for any x ∈ E1 and any b ∈ B . Then λ(E1) ⊂ E2 and there is a commutative diagram
e1 : 0 −−−−→ B −−−−→ E1 −−−−→ A −−−−→ 0⏐⏐β ⏐⏐λ ∥∥∥
e′1 : 0 −−−−→ B −−−−→ E′1 −−−−→ A −−−−→ 0.
Since τ1, τ ′1 are essential and unital, we have 1E1 = 1E2 = 1M(B). Since ϕ, ψ1 are unital,
λ(1E1) = s1s∗1 + s2s∗2 = 1E2 . Hence, λ is unital. Note that K∗(β) = id, so we have θ0([τ1]) =
θ0([τ ′1]). Similarly, θ0([τ2]) = θ0([τ2 ⊕ σ2]). By τ1 ⊕ σ1
s∼ τ2 ⊕ σ2 we have
θ0
([τ1])= θ0([τ1 ⊕ σ1])= θ0([τ2 ⊕ σ2])= θ0([τ2]).
Therefore, the map θ is well defined and one can check that θ is a homomorphism.
Hence, by Theorem 3.10, there is a short exact sequence
0 → K1
(Q(B))/G → Ker γ ′ → Ker γ → 0,
where G = {ρ[1A]0: ρ ∈ Hom(K0(A),K0(B))} and
γ : Extuw(A,B) → Γ ⊕ Hom
(
K1(A),K1(Q(B))
)
defined in Theorem 3.12. Therefore, the following diagram is commutative
C. Wei / Journal of Functional Analysis 258 (2010) 650–664 6630 −−−−→ K1(Q(B))/G −−−−→ Ker γ ′ −−−−→ Ker γ −−−−→ 0⏐⏐id ⏐⏐θ ⏐⏐η
0 −−−−→ K1(Q(B))/G −−−−→ Σ −−−−→ Ext(K∗(A),K∗(B)) −−−−→ 0.
By Theorem 3.12 we see that η is an isomorphism. It follows that θ is an isomorphism from the
five lemma. 
Combining 3.10, 3.12 and 3.14, we have a commutative diagram as follows
0 0 0⏐⏐ ⏐⏐ ⏐⏐
S ←−−−−− S −−−−−→ S⏐⏐
⏐⏐
⏐⏐
Σ ←−−−−− Ker γ ′ −−−−−→ Extus (A,B)
γ ′−−−−−→ Γ ⊕ Hom(K1(A),K0(B)) −−−−−→ 0⏐⏐
⏐⏐
⏐⏐
⏐⏐
Ext(K∗(A),K∗(B)) ←−−−−− Ker γ −−−−−→ Extws (A,B)
γ−−−−−→ Γ ⊕ Hom(K1(A),K0(B)) −−−−−→ 0⏐⏐
⏐⏐
⏐⏐
0 0 0
where S = K1(Q(B))/G.
By the above diagram, we have the following theorem immediately.
Theorem 3.15. Let A be a unital separable nuclear C∗-algebra with A ∈ N . If K1(B) = 0, or B
has the property (P), or A is an infinite C∗-algebra, then there is a short exact sequence of groups
0 → Σ → Extus (A,B) → Γ ⊕ Hom
(
K1(A),K0(B)
)→ 0,
where
Σ = Ext((K0(A), [1A]0),K0(B))⊕ Ext(K1(A),K1(B)).
When B = K, we have Γ = 0. Furthermore, we have Extus (A,B) ∼= Extus (A,B) by Voicules-
cu’s theorem [22]. Hence, by Theorem 3.15 we obtain the UCT of L. Brown and M. Dadarlat for
the strong Ext-group.
Corollary 3.16. (See [3].) Let A be a unital separable nuclear C∗-algebra with A ∈ N . If B = K,
then there is a short exact sequence of groups
0 → Ext((K0(A), [1]0),Z)→ Extus (A,B) → Hom(K1(A),Z)→ 0.
By the proof of [16, 8.6], for every x ∈ Extus (A,B), there is a unital full extension τ such that
x = [τ ]. When B has the property (P), by [6] every unital full extension is unital-absorbing. So
664 C. Wei / Journal of Functional Analysis 258 (2010) 650–664it follows that Exteus (A,B) ∼= Extus (A,B) if A is simple or Q(B) is simple. Then we have the
following corollary by Theorem 3.15.
Corollary 3.17. Suppose that A is a unital separable nuclear C∗-algebra with A ∈ N and B has
the property (P). If A is simple or Q(B) is simple, then there is a short exact sequence
0 → Σ → Exteus (A,B) → Γ ⊕ Hom
(
K1(A),K0(B)
)→ 0,
where
Σ = Ext((K0(A), [1A]0),K0(B))⊕ Ext(K1(A),K1(B)).
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